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On the applications of category theory to economics

Resumen: Las matemdticas son una de
las herramientas analiticas mds importantes
de la economia. Se utiliza para describir el
comportamiento individual y agregado, asi
como para validar modelos economicos con
datos del mundo real. Sin embargo, evidencia
experimental reciente ha arrojado luz sobre la
naturaleza incompleta y poco realista que los
modelos matemdticos economicos tienen para
enseniarnos. En este articulo, analizo el uso
potencial de la teoria de categorias matematicas,
en algunas ramas de la economia, como la
economia conductual y computacional, y como
estas ramas pueden conciliarse con el enfoque
neoclasico.
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Abstract: Mathematics is one of economics
most important analytical tools. It is used to
describe individual and aggregate behaviour,
as well as to validate economic models against
real world data. However, recent experimental
evidence have shed light in the incomplete and
unrealistic nature that economical mathematical
models have to teach us. In this paper, I analyze
the potential use of mathematical category
theory, in some economics’ branches such as
behavioural and computational economics, and

how these branches can be reconciled with the
neoclassical approach.
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1 Introduction

Several mathematical tools have been widely
used in economic analysis in order to draw con-
clusions about consumer’s and firm’s behaviour,
market equilibria, economic growth, among other
phenomena. Modern mathematical economics is
heavily based on convex sets, diffential calcu-
lus, optimization theory, functional analysis and
topology. Feasible production or consumption
allocations are modelled as convex sets in R™.
Optimal paths in static environments are found
using linear or nonlinear programming. No mat-
ter what neoclassical concept you want to study,
there will be a mathematical object, sufficiently
abstract and rigorously formalized, that will help
to model it. This fact is a consequence of the for-
malist era of economics, which transformed the
discipline in a «mathematical science».

In 1959, Gerard Debreau, influenced by the
Bourbaki group, set up an axiomatic approach to
competitive markets in which he proved that a
price system exists for which aggregate demand
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vanishes in every market. Debreau’s work clearly
followed this formalist tendency, which was
motivated in part by «the increase in the rigor of
mathematical formalisms» (Crespo and Thomé
2016). On the other hand, Von Neumann and
Morgenstern approach of economics, based on
game theory, tried to include a notion of ratio-
nally and agent behaviour upon the formal rigor
that was prevailing among economists. In spite of
all this advances in the field and the introduction
of much more elaborated mathematical tools,
some economic issues arising from its social
science nature have not yet been successfully
addressed. In this paper, I analyze some potential
applications of category theory in economics,
mainly reflexive economics (which may drive
further developments in behavioural economics)
and computational economics, that may help to
address these issues and reconcile neoclassical
economic theory with the new research areas of
the field.

2 Reflexive Economics

Economics, as a social science, is reflexive
in its nature. Human beings are the first living
systems to be aware from themselves and this
supposes a big problem when modelling how it
interacts with others and his environment. One of
the first references to the problem of reflexivity
in economics, was given by the Lucas’ critique:

Given that the structure of an econometric
model consists of optimal decision rules of eco-
nomic agents, and that optimal decision rules
vary systematically with changes in the structure
of series relevant to the decision maker, it follows
that any change in policy will systematically
alter the structure of econometric models.

This is, agents behaviour change the way
some economic series (such as GDP) evolve,
but as well agents change the way they behave
given the changes in this series evolution. Lucas
critique was Aquiles heel of keynesian macro-
economics and motivated microfoundations and
the revolution of rational expectations. However,
this advances in economic theory did not take
into account the real problem behind Lucas’ cri-
tique: the reflexive nature of economics. In here,

we refer to reflexive structures as self-referential.
Beyond agents affecting their environment and
the environment affecting back agents, reflexi-
vity arrises as one think of agents as being not
only conscious of their environment but of them-
selves: preferences over preferences, beliefs of
beliefs, are jus examples of this issues. Later on,
Soros, a successful investor, published his paper
The Alchemy of Finance, in which he study
the philosophical nature of economics and its
applications to financial investing. Soro’s work
is one of the most famous works in reflexive
economics, although it does not provide a mathe-
matical framework to model it. Other kind of
reflexivities are given in (Winschel, s.f), such as
institutions as being rules to change rules. Some
of this reflexive structures have already been
analyzed in terms of category theory (Vassilakis
2002). In the next subsections, I will discuss
the applications of category theory in the cases
of preferences over preferences and beliefs of
beliefs, and in the more general case of rational
agents as an all.

2.1 Preferences over preferences

Although rational choice theory models
agents as choosing among a set of alternatives
A the one which maximizes their utility, human
behaviour is not just that straightforward. As
conscious agents, humans can reason about their
decisions and can consequently affect them by
deliberately restricting their alternatives or by
forcing themselves to choose a particular alter-
native. This can be thought as «rational mana-
gement of one’s own perceived irrationality»
(Nehring 2006). The problem with the real natu-
re of human choice arises in the way that rational
choice theory models agents’ preferences. Let A
be a set of alternatives and a, b, ¢ denote some of
them. A preference relation > is a binary relation
with the following properties:

i. a > b (Reflexivity)
ii. az=bVb3>a (Completeness)

iii. iii.a = b Ab > c == a > c (Transitivity)
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Consider a smoker who has two alternatives:
s which stands for smoking and n which stands
for no smoking. The preferences of this smoker
are obviously given by s > n. However, as this
smoker may be completely conscious of how
damage can smoke cause to himself, he may pre-
fer to reduce his set of alternatives in order to do
not smoke, that is:

{n} > {s,n} ~ {s}
Alternatively, one can say that he prefer not
to prefer smoking, this is:

(n*s) #(s#n)

Note that this contradicts completely our
assumptions about the preference relations,
although one can completely imagine this situa-
tion happening in reality. When preferences are
given among preferences we are talking about
second order preferences. Different approaches
have been taken in order to model second order
preferences that are consistent with neoclassical
formulation, such as the one given in (Nehring
2006) for preferences over subsets. However,
hierarchy of preferences don’t end there. One
can actually think of more complicated situa-
tions in which n—order preferences may arrive.
Continuing with the smoker example, imagine
a situation in which this smoker prefer not to
prefer smoking but he actually prefer smoking
over this, in some sort of unconcern about
potential lung damage. Although this may seem
counterintuitive, it is actually part of the nature
of addictive consumption, and issues of this type
arise more than often in economic analysis (say,
for example, altruistic behaviour).

Some economists may argue that one
can start including a bunch of terms in utility
functions as some sort of externalities in order to
«rationalize» this issues: adding a disutility for
damage associated with smoking, for example.
However this may lead to solutions that do not
account for the real structure behind this kind
of reflexivities and that shed no light in the real
incentives that a policy for reducing cigarette
consumption should create. What kind of beha-
viour may and agent have, based on their n—order
preferences? A first remark to be made is that,

just as Mertens derived a universal belief space
which accounts for the complete hierarchy of
beliefs in a simpler way (see Section 2.2), one
should seek for some sort of universal preference
space which is isomorphic to the actual hierar-
chy of preferences. I proposed here an approach
based on category theory, focusing on preferen-
ces over preference systems and not over subsets
of the set of alternatives.

Consider a category Pref(A) which has as
objects all possible preference relations among
alternatives in A and as morphisms any map-
pings that preserve order. We will let this pre-
ference relations to be incomplete, this is, two
alternatives a, b may be incomparable. Note that
such a situation may also happen in real world
scenarios. This way, preference relations can be
seen as partial orders over the set of alternatives
A. Thus one can let the objects of the category
to be partially ordered spaces and morphisms to
be dimaps. Let C be a «choice» functor which
assigns to each object A in Pref(A) a new object
in the same category B and some new dimap.
One can think of this (endo)functor as a second
order preference among preference relations.
Subsequently applying this functor will mimic
the logic of n—order preferences. By Lambek’s
lemma if this category has a colimit, then this
colimit is a fixed point of the functor, and is
actually isomorphic to the complete hierarchy
of beliefs.

Note that we have just mentioned the way
one should think of this construction, but for-
malizing it is obviously beyond the scope of this
paper. One important remark is that pospaces are
also Haussdorf spaces, thus a similar construc-
tion as the one given in Section 2.2 for universal
belief spaces may work. Also, we have not take
into account more complicated situations. An
example where things get more complicated with
preferences over preferences is in the case that
one let them coevolve with their environment
over time. I will discuss this case in Section 2.3.
For a more detailed philosophical discussion of
the concept of person as preferences over prefe-
rences see (Frankfurt 1971).
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2.2 Beliefs of beliefs

One of the most common examples of
reflexive structures in economics is the hierar-
chy of beliefs studied by Mertens, as part of
Harsanyi’s proposal for incomplete information
game modelling and by Keynes with his beauty
contest. This structure is not just of importance
in game theory, but also in rational expectations
formulation, where one can think of expectations
as being beliefs of beliefs (Winschel, s.f). For
example, think of Keynes’ beauty contest, where
there are three juries and two contestants. Each
jury wants to vote for the winner of the contest,
nevertheless it is the most beautiful or not. The
problem arises when we question who would be
the winner and how to reason about it. Juries
may start by generating some belief over each
other vote. But, a jury can also generate a belief
over the beliefs of the other juries and so on. This
is the classical example of «I, Jury 1, think that
Jury 2 thinks that I think that he will vote for
Contestant 1». Thus, just as hierarchies of prefe-
rences arise naturally in human way of reasoning
and making decisions, hierarchies of beliefs
do as well. The usual formalization of beliefs
in economic theory, is done by assigning some
probability measure to the space of alternative
states S. This probability measure is supposed to
contain all the information that may arise from
the hierarchy of beliefs. Although the structure
of the hierarchy is not explicitly described, some
authors have shown that this «universal» belief
space exists, no matter the topology of the state
space S (Heifetz and Samet, 1998). Hierarchy of
beliefs has been extensively studied, not just in
means of probability theory, but as well in cate-
goric terms. In this case, I’ll go a little deeper in
order to explain the categoric construction of the
hierarchy of beliefs and the idea of the universal
space of beliefs.

Moss and Viglizzio (2004) formalize the
idea of (Harsanyi) type spaces as coalgebras over
some endofunctor F: Meas! — Meas!, where the
category Meas! is constructed by taking the cate-
gory Meas of (Hauss- dorf) measurable spaces
and the (discrete) set of players I. These measu-
rable spaces capture the (implicit) uncertainty

of beliefs. The logic of the endofunctor is that
it is contructed in a way that «assigns» beliefs
to beliefs. The authors then prove that there
exists a final coalgebra for this (endo)functor
that corresponds to the universal belief space.
One can think of this as applying iteratively
the functor until one reach some (fixed) point
X such that F(X) = X, this is, X is isomorphic
to its own system of beliefs, and thus captures
all the information of the hierarchy of beliefs.
The authors claim that this construction may be
useful in the formalization and study of similar
structures. Note that this is in the same line as
what I propose in Section 2.1, just reformulated
in coalgebraic terms.

Just as in Section 2.1 I made the assertion that
the proposed approach does not take into accou-
nt many other real world issues of preferences
modelling, this construction given by (Moss and
Viglizzio 2004) does not take into account issues
such as when an agent has none information on
some parameter in order to generate a belief.
Take, for example, and investor who has to deci-
de to whether or not to buy a stock. The investor
may want to calculate his fundamental value for
the stock and compare it to the stock price, to see
if it is under or overvalued. However, the stock
can be an IPO (initial public offer) and thus there
may not be any information in which the investor
can based his beliefs. In next section, I’ll analyze
category theory as a way of approaching all this
issues in preference and belief modelling and
introduce concepts such as coinduction, bounded
rationality and self-fulfilment

2.3 Rationality and reflexivity

Rationality has been one of economics’ key
concepts since the development of game theory
and rational expectations. Economic agents are
assumed to be rational, that is, they have tran-
sitive and complete preferences; they choose
any feasible alternative which maximizes their
utility, they form consistent and correct beliefs
about uncertain situations and, when deciding
over time, they are prospective. However, this
assumptions have led to a number of contradic-
tions between theory and evidence. One of the
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most famous examples are financial bubbles. If
one assumes rational agents, theory predicts that
there should not be financial bubbles, no matter
your are approaching it from some CAPM model
or from game theory. Are our assumptions fai-
ling or are we drawing wrong conclusions from
them? At a first glance, some experiments (Gua-
dalupe et al. 2020) have suggest that preferences
may be intransitive and some theoretical develo-
pments (Dalkiran et al. 2017) have demonstrate
that one can model intransitive indifference
under uncertainty. What these approaches have
in common is that intransivity arises from chan-
ges in the environment in which the agent is
taking its decisions. Let’s extend this to decisions
over infinite time. A rational agent will take an
optimal decision over time by recursion (bac-
kward induction does not apply). However, this
process will not take into account that today’s
decision may affect the environment and the way
it can evolve and thus this will eventually affect
agent’s optimal path. This notion is called coe-
volution. Not just the environment evolve as the
agent take decisions, but agent’s preferences (and
preferences over preferences) may coevolve with
the environment. (Lescanne and Perinnel 2010)
and (Lescanne 2018) have proposed a «backward
coinduction» method which is corecursive and
thus takes into account this coevolution. These
works have shed light in financial bubbles’ ratio-
nality. The way the authors formalize this pro-
cess is heavily based in category theory, and the
original coinduction process has its roots in it.
At this point, the reader may have conclu-
de that economists’ assumptions about agents
behaviour may not be wrong, but is the way we
draw conclusions about them what is failling.
Moreover, are the mathematical tools which are
not adequate to the social nature of economic
analysis. In the same line, one can add uncer-
tainty and lack of infomation to this coinduction
process, in order to model a more realistic way
of generating beliefs and how they are updated
when the evolution of the environment shed
light on some parameters. This is of particular
importance because most agents that are not well
modelled, can be thought as infinitely living
agents (investment funds, institutions, society
as an all) playing some sort of (uncertain) game

and coevolving with their environment. When
an agent lacks information about important para-
meters that help to generate beliefs, we say it has
bounded rationality. Hommes (2013) analyzes
how Soros’ idea of reflexivity actually implies
that agents are not rational but actually exhibit
more like a bounded rationality and adapt to the
evolution of the environment and what they learn
from it. He then proceeds to describe what he
called «almost self-fulfilment equilibria» which
is a solution concept for games which self-fulfils
based on expectations (beliefs of beliefs) genera-
ted by this bounded rationality.

One important step in economics will be
to include backward coinduction, together with
adapting bounded rationality, in multi-agent inte-
raction models. As we saw, hierarchies of beliefs
and backward coinduction can be modelled
in means of category theory and thus one can
imagine a complete categoric framework for
modelling agents exhibiting these characteris-
tics. What remains, is to formalize game theory
in categorical terms. Several approaches have
been taken, but one of them will be analyzed in
Section 3.1 as part of computational economics.

3 Computational Economics

Computational economics is an area of
research which attempts to use computational
modelling in order to approach economic issues
such as general equilibrium models with no
analytical solutions, or emergent macro phe-
nomena from micro behaviour. Traditionally,
tools such as object-oriented programming have
been used to model these systems, mainly when
working with agent-based computational eco-
nomics. However, this programming tools does
not account for some properties inherent from
economic and agent systems. Just as compu-
tational statistics is better done when using a
domain-specific language, one would want to
design a domain-specific programming language
for computational economics modelling. This
language should admit almost any economic
concept representation. In this paper, I will focus
on what can be a programming language for
agent-based computational economics.
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Before going into details, it is important to
remark that programming language theory has
been heavily influenced by categorical tools such
as coalgebras. Functional languages such as Has-
kel admit a complete representation in terms of
categories. This is what motivates the use of cate-
gory theory in designing an economic language.
One potential advance in this matter, is (Blumen-
sath and Winschel 2013) formalization of game
theory using coalgebras over the category of sets.
The authors themselves claim that their approach
can give hints in the design of such a langua-
ge for agent-based computational economics.

. S be a
. I be a
. O be a
. R be a

Moreover, they claim that this approach can
reconcile behaviorual economics, computatio-
nal economics, econometrics and neoclassical
economics; and even explain the emergence of
macro phenomena from individual behaviour,
given the compositionality of their framework.

3.1 Coalgebraic Game Theory

(Blumensath and Winschel 2013) model
games as coalgebras over the category of sets.
The authors first define the notion of process. Let:

set of states.
set of states.
set of states.
set of states.

o 1:SX[-—C(R+SxO)beafunctionforsomefunctorC.

A process m becomes a coalgebra for some
functor Il named the process functor given by:
[I(S) = C(R + S x O)

After demonstraiting some (useful) proper-
ties of them, the authors proceed to generalize
the notion of processes. A game vy is a [—coalge-
bra for some functor I of the form

A
r(s)=C(R+sxo)[] PEN P

Where N is set of players and the input I
is given by the product of the actions of every
player in a given moment. Blumensath and
Winschel then go deeper on how strategies,
game trees and equilibria may be formalized in
their framework. Note that this formalization,
although incomplete in some of the things I have
mentioned over this paper, is a good starting
point for the development of a categorical econo-
mic theory of (realistic) agent behaviour. As the
authors assert, their framework can be used both
in finite and infinite games. Thus, one can think
of combining this framework with coinduction

and adaptive bounded rationality, in order to give
a better description of economic behaviour.

One of the most important features of this
formulation is that it gives a description of the
types that a economic programming language
may exhibit and how a economic interpreter
should be constructed. Moreover, it is an impor-
tant step in the reconciliation of neoclassical and
computational economics. In this line, Blumen-
sath and Winschel formulation seems to resem-
ble the structure of a (functional) programming
language, such as Haskel, in categoric terms.
This is important because it provides a basis in
which one should build a complete interpreter
which accounts for modelling economic phe-
nomena, such as equilibria, in a pure type way.
The authors even claim that their formulation,
reflexive and compositional in its nature, may
provide an important research area in econome-
trics and macroeconomics, giving hints in the
solution of some important issues that arise in
these fields. For a more detailed discussion on
this topic see (Blumensath and Winschel 2013).
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4 Conclusion

In this paper, I have proposed a specific path
which may be followed if one seeks to solve some
economic problems using category theory. Fur-
ther developments may be made, in order to for-
malize some of these concepts and include them
in a complete formulation of agent behaviour.
These developments are obviously beyond the
scope of this paper. Categorical economic theory
seems to open a bunch of research opportunities
in the discipline, although it has not gained the
recognition it should.
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